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ABSTRACT
Our understanding of population III star formation is still in its infancy. They are
formed in dark matter minihalos of 105 − 106 M⊙ at z = 20 − 30. Recent high resolu-
tion cosmological simulations show that a protostellar disk forms as a consequence of
gravitational collapse and fragments into multiple clumps. However, it is not entirely
clear if these clumps will be able to survive to form multiple stars as simulations are
unable to follow the disk evolution for longer times. In this study, we employ a simple
analytical model to derive the properties of marginally stable steady-state disks. Our
results show that the stability of the disk depends on the critical value of the viscous
parameter α. For αcrit = 1, the disk is stable for an accretion rate of ≤ 10−3 M⊙/yr
and becomes unstable at radii about ≥ 100 AU in the presence of an accretion rate of
10−2 M⊙/yr. For 0.06 < αcrit < 1, the disk can be unstable for both accretion rates. The
comparison of the migration and the Kelvin-Helmholtz time scales shows that clumps
are expected to migrate inward before reaching the main sequence. Furthermore, in the
presence of a massive central star the clumps within the central 1 AU will be tidally
disrupted. We also find that UV feedback from the central star is unable to disrupt
the disk, and that photo-evaporation becomes important only once the accretion rate
has dropped to 2 × 10−4 M⊙/yr. As a result, the central star may reach a mass of 100
M⊙ or even higher.
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1 INTRODUCTION
The first generation of stars, known as the population III
stars ushered the cosmos out of the dark ages and brought
the first light. They reionized the universe via their stel-
lar radiation and enriched the intergalactic medium with
metals through supernova explosions. They further influ-
enced the subsequent structure formation through their
chemical, mechanical and radiative feedback (Bromm 2004;
Ciardi & Ferrara 2005; Schleicher et al. 2008; Greif 2014).
Hence, their comprehension is a matter of prime astrophys-
ical interest and intrinsically linked to the understanding of
key epochs in the universe.
According to the hierarchical paradigm of structure for-
mation, population III (Pop III) stars are assembled in pri-
mordial dark matter halos of 105−106 M⊙ at z = 20−30. The
gas falls into the dark matter potential and gets heated up
to the virial temperature of the halo (i.e. ∼ 2000 K). In the
absence of metals, H2 is the only coolant which can bring
the temperature down to a few hundred K and induce star
⋆ Corresponding author: latif@iap.fr
formation. The trace amount of molecular hydrogen formed
via gas-phase reactions gets boosted during the process of
virialization and triggers the collapse in minihalos. At high
densities (108 cm−3), the three-body reactions turn the gas
into a fully molecular state and finally the gas becomes op-
tically thick to molecular hydrogen cooling above 1018 cm−3.
At this stage the thermal evolution becomes adiabatic and
the birth of the Pop III stars takes place (Omukai 2000;
Yoshida et al. 2006).
The first numerical simulations performed to study the
formation of Pop III stars showed that they had masses of
about a few hundred solar and were living isolatory lives
(Abel et al. 2000, 2002; Bromm et al. 2002; Yoshida et al.
2006). However, cosmological simulations performed during
the past few years have improved the modeling of chemi-
cal processes and employed higher resolution below the AU
scales (Turk et al. 2009; Clark et al. 2011; Greif et al. 2012;
Bovino et al. 2013; Latif et al. 2013a; Hartwig et al. 2014).
These studies show that a protostellar disk forms as a conse-
quence of gravitational collapse and becomes unstable in the
presence of higher accretion rates of about 10−2−10−3 M⊙/yr.
Consequently, multiple stars are expected to form per halo.
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These works have tremendously enhanced our understand-
ing of primordial star formation. They are however unable
to follow the collapse for longer time scales due to the com-
putational constraints. Hence, it is not clear if these sec-
ondary fragments can survive to form stars or get merged
with the central star. Recently, further attempts have been
made to include the stellar UV feedback from the central
star (Hosokawa et al. 2011a; Stacy et al. 2012; Hirano et al.
2014; Susa et al. 2014) and to derive the initial mass func-
tion. These studies either include an approximate treatment
of stellar feedback or allow only a single star per halo.
Motivated by the above mentioned results, we derive the
properties of a marginally unstable protostellar disk and the
fate of the clumps formed via gravitational instabilities. To
achieve this goal, we employ an analytical model to compute
the expected masses of the clumps and the disk under vari-
ous conditions. We further show how the chemical processes
influence the stability of the disk and explore the potential
impact of the stellar feedback. This study provides insight
into the disk fragmentation and ultimately the masses of the
first stars.
This paper is organized in the following way. In the 2nd
section, we describe in detail our analytical model and as-
sumptions behind it. We present our results in section 3. In
subsection 3.1, we discuss the disk properties for the disk
mass dominated case where most of mass lies inside the disk
at initial stage. In subsection 3.2, we discuss the disk frag-
mentation in the presence of central star of various masses.
In section 3.3, we discuss the dependence of our results on
the critical value of the viscous parameter α. In subsection
3.4, we discuss the potential impact of UV feedback from
the central star. In section 4, we summarize our findings
and discuss the caveats in our model.
2 MODEL
Our model is mainly based on Inayoshi & Haiman (2014).
We consider the properties of a protostellar disk forming in
a minihalo of 105 − 106 M⊙ at z = 25. The disk is metal-free,
composed of a primordial gas composition, fully molecular
and predominantly cooled by the molecular hydrogen. The
typical accretion rates onto such a disk are expected to be in
the range of 10−2−10−4 M⊙/yr as found from numerical simu-
lations (Latif et al. 2013a). The main difference between our
current study and Inayoshi & Haiman (2014) is that they
studied the fragmentation of the disk forming in the mas-
sive primordial halo of ∼ 108 M⊙ mainly cooled by atomic
line cooling. Particularly, they investigated the impact of H−
cooling occurring at high densities which induces fragmenta-
tion in the inner part of the disk, while we focus on the disk
forming around Pop III star in minihalo cooled by molecular
hydrogen.
To study the fragmentation of a self-gravitating proto-
stellar accretion disk, we assume that it is in a steady state
condition. The stability of the disk can be measured from
the Toomre parameter Q which is defined as:
Q = csΩ
πGΣ (1)
Ω is the orbital frequency, cs is the sound speed, G is the
gravitational constant and Σ the surface density of the disk
given as:
Σ =
˙Mtot
3πν (2)
˙Mtot is the mass accretion rate. We consider here the cases
with ˙Mtot = 10−2 & 10−3M⊙/yr. ν is the viscosity in the disk
arising from gravitational torques. The disk is presumed to
be marginally stable with Toomre Q = 1. The scale-height
of the disk is computed assuming hydrostatic equilibrium in
the vertical direction
H =
cs
Ω
(3)
and the particle density is defined as
n =
Σ
4mpH
(4)
where mp is the proton mass. The thermal state of the disk
can be obtained by assuming thermal equilibrium, i.e. the
heating rate (Q+) is equivalent to cooling rate (Q−). The
main source of heating in the disk is the viscous heating by
turbulence and shocks which can be computed as (Lodato
2007):
Q+ = 94 νΣΩ
2 (5)
and cooling rate is given by:
Q− = 2HΛH2/CIE (6)
here ΛH2/CIE is the net cooling rate in units of erg/cm3/s and
H is the height of the disk. The H2 line cooling becomes
optically thick at densities above 108 cm−3 and is estimated
in the following way:
ΛH2 = ΛH2,thin fthick, (7)
where ΛH2 ,thin is the optically thin H2 line cooling
rate and fthick is the factor which takes into account
the opacity corrections. The expression for fthick is
taken from Ripamonti & Abel (2004) and is given as
min
[
1,
(
nH2/(8 × 109 cm−3)
)−0.45]
. By solving the thermal bal-
ance with respect to Ω assuming gas in the disk is fully
molecular, we get the following relation:
Ω
2
=
24πcs
9 ˙Mtot
(8 × 109)0.45√
4πmpG
ΛH2 (8)
For H2,thin cooling, we use the cooling function for high
density limit given in Galli & Palla (1998) originally com-
puted by Hollenbach & McKee (1979). We take into ac-
count the cooling due to the CIE of the molecular hydro-
gen which becomes dominant coolant at densities above
1013 cm−3, often referred as H2 continuum cooling (Omukai
2000; Ripamonti & Abel 2004). The importance of CIE cool-
ing has been investigated in detail in numerical simulations
(Yoshida et al. 2008; Hirano & Yoshida 2013). They found
that it influences the cloud morphology and may even induce
fragmentation. For the regime dominated by CIE cooling,
we get the following expression for Ω by solving the thermal
balance:
Ω =
9 ˙Mtot
24πcs
(4πmpG)2
ΛCIE
(9)
ΛCIE is the optically thin CIE cooling rate and we use the
fit given in equation 17 of Grassi et al. (2014).
Our treatment for the CIE cooling is relatively simple
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and does not include radiative transfer effects. For a spher-
ical collapse, at densities above 1016 cm−3 the gas starts to
become optically thick to the CIE cooling. However, for the
disk geometry, an optically thin approximation may be valid
even up to higher densities. We therefore expect at most a
minor correction due to the approximation employed here,
which has however no influence on our main results. Ad-
ditional contributions to the thermal evolution may come
from the chemical heating and cooling due to the formation
and dissociation of H2, which is not included in our model.
For a stationary disk, we assume here that also the chem-
ical abundances have reached their equilibrium value, and
that no further chemical heating or cooling occurs. How-
ever, as simulations show (Omukai 2000; Latif et al. 2013a;
Bovino et al. 2013), these processes can be relevant at earlier
stages or at the transition point between different regimes.
For a viscous disk, we use the standard description for
α by Shakura & Sunyaev (1973) and is given as:
ν = αcsH . (10)
The properties of the fragmenting disk are computed based
on above equations. The viscous parameter α can be com-
puted by combing equations 1, 2, 3 and 10 as
α =
˙MtotG
3c3s
. (11)
The disk becomes unstable for α > αcrit (Gammie 2001). The
initial masses of clumps can be estimated as follows:
Mc,i = ΣH2 (12)
The clumps in the disk grow via accretion. The maximum
clump mass so-called the gap-opening mass is computed by
using the relation given in Levin (2007):
Mc = Mc,i
[
12π α
0.3
]1/2 ( R
H
)1/2
(13)
here R is the radius of the disk. The Kelvin-Helmholtz (KH)
contraction time scale estimated in Inayoshi & Haiman
(2014) is equivalent to the mass accretion time scale and
allows to estimate the duration of the adiabatic phase of pro-
tostellar evolution. Here, we instead consider the protostel-
lar contraction phase, which is more relevant in the presence
of lower accretion rates, it is computed as (Hosokawa et al.
2012):
tKH =
GM2
∗
R∗L∗
(14)
here M∗ is the mass, R∗ is the radius and L∗ is the luminosity
of the protostar. We use equation 4 of Hosokawa et al. (2012)
to compute the luminosity and their Fig 5 to estimate the
radius of the star. The mass accretion rate onto the clumps
and is defined as
˙Mc =
3
2
ΣΩ (RH)2 (15)
where RH is the Hill radius given as
RH = R (Mc/30M∗)1/3 (16)
M∗ is the mass of central star and is taken as 1 M⊙. The
migration time is considered to be equivalent to the viscous
time scale and is given as (Lin & Papaloizou 1986):
tmig =
1
3πα
( R
H
)2 2π
Ω
. (17)
This approximation is valid for the type-II migration in the
theory of planet-disk interactions. The type-I migration time
scale is valid for low-mass planets when the perturbations
induced by them are in the linear regime. It is even shorter
than the type-II migration time scale. So, our choice of the
migration time scale is rather conservative. We expect this
time scale to be shorter for the clumpy disks. The clumps can
be further destroyed by the tidal forces exerted by central
star. To estimate this effect, we compute the Roche limit
which is given as
RRoche = 1.26 × Rc (M∗/Mc)1/3 (18)
where Rc, Mc are the radius and mass of the secondary clump
and M∗ is the mass of the central star.
2.1 Disk mass dominated case
In this subsection, we consider the early phase of the disk
evolution where most of the mass lies within the disk. We
study the disk structure and explore the fragmentation prop-
erties of the disk. In this case, the relation between the or-
bital frequency and radius obeys the following relation:
Ω =
2cs
R
(19)
The surface density of the disk can be written as a function
of orbital frequency:
Σ =
Ωcs
πG (20)
and the density inside the disk is
n =
Ω
2
4πmpG
. (21)
The rest of the quantities can be expressed in terms of radius
by employing the relation given in equation 19.
2.2 Star mass dominated case
In the previous subsection, we assumed that the mass of
the central star is negligible and that most of the mass lies
within the disk. However, once a star is formed it will grow
via rapid accretion and may change the disk structure. In
this case the mass of the central star exceeds the disk mass
and modifies the relation between the orbital frequency and
the disk radius. Assuming Kepler rotation, we have:
R =
(
GM∗/Ω2
)1/3
, (22)
where M∗ is the mass of the central star. The surface density
of the disk can be computed as follows:
Σ =
cs
πG
√
GM∗
R3
(23)
and the density inside the disk is
n =
Σ
4πmpcs
√
GM∗
R3
. (24)
Similarly, the rest of the properties can be computed by
replacing Ω =
√
GM∗
R3
in the equations given above.
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Figure 1. The properties of the disk are plotted against the radius for the disk mass dominated case. The red and blue lines represent
accretion rates of 10−2 M⊙/yr and 10−3 M⊙/yr respectively. The left panel shows the CIE cooling regime while the right panel depicts H2
cooling regime. The temperature, the density, the surface density and the enclosed mass in the disk are shown here.
c© 2009 RAS, MNRAS 000, 1–??
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Figure 2. The properties of the disk are plotted against the radius for the disk mass dominated case. The red and blue lines represent
accretion rates of 10−2 M⊙/yr and 10−3 M⊙/yr respectively. The left panel shows the CIE cooling regime while the right panel depicts H2
cooling regime. The vertical magenta line shows the fragmentation radius and the horizontal green line marks the point where α = 1.
The viscous parameter α, the initial clump masses, accretion rates onto the clumps and their masses after the accretion are shown here.
c© 2009 RAS, MNRAS 000, 1–??
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Figure 3. The ratio of the Kelvin Helmholtz to the migration time scales is shown here for the disk mass dominated case. The red and
blue lines represent accretion rates of 10−2 M⊙/yr and 10−3 M⊙/yr respectively. The left panel shows the CIE cooling regime while the
right panel depicts H2 cooling regime.
3 RESULTS
We present our results in this section. In the following sub-
sections, we describe the properties at the initial stage of the
collapse where most of the mass lies inside the disk. We also
consider the late stage of disk evolution when central star
is formed and investigate how it changes the disk structure.
The potential impact of the stellar UV feedback on the disk
is explored in the last section.
3.1 The initial stage of fragmentation
(disk-dominated)
The properties of a marginally stable disk are computed by
solving the set of equations presented in the previous section
and are shown in figure 1. We consider here typical accre-
tion rates of 10−2 M⊙/yr (hereafter called ˙M−2) & 10−3 M⊙/yr
(hereafter called ˙M−3) often found in numerical simulations.
For cooling, we consider optically thick H2 line cooling be-
tween densities of 109−1014 cm−3 and above 1014 cm−3 cooling
due to the CIE. These are the major cooling mechanisms in
in these regimes. The thermal evolution of the disk is deter-
mined by solving the energy conservation equation(Q+ = Q−)
and is shown against the disk radius. As the density inside
the disk increases, H2 line cooling becomes optically thick
and the gas is heated up to 3100 K around 10 AU while the
temperature declines towards larger radii. The temperature
of the disk at 300 AU is about 400 K. It is found that the
temperature of the disk is almost two times higher for ˙M−2
compared to ˙M−3. Towards smaller radii, the optically thick
H2 cooling becomes inefficient, and therefore other cooling
channels need to be considered.
In particular, the CIE cooling becomes effective and re-
duces the disk temperature to about 1400 K for ˙M−2 and
1000 K for ˙M−3. The particle density in the disk varies from
1010 − 1014 cm−3 between 10-300 AU and 1014 − 1017 cm−3
within the central 10 AU. The density profile follows R−1.5 in
the inner 10 AU and R−2.6 between 10-300 AU. The density is
about a factor of two higher for ˙M−2. The surface density is
shallower within 0.1-10 AU (104−5×105 g/cm2) and becomes
steeper between 10-300 AU as it varies from 30 − 104 g/cm2.
The mass of the disk at a given radius is shown in the bottom
panel of figure 1. The disk is about two times more massive
for ˙M−2 in comparison with ˙M−3.
Motivated by the hydrodynamical simulations and ana-
lytical studies which show that the disk becomes unstable for
α > αcrit (Gammie 2001; Rice et al. 2005; Inayoshi & Haiman
2014), Zhu et al. (2012) investigated the fragmentation in
a protoplanetary disk by performing numerical simulations
and show that the disk becomes unstable for α > 1.0. To
measure the stability of the disk we use α > 1.0 in our model
as a fragmentation criterion but also discuss below how this
choice affects our results. We hereafter call this point the
fragmentation radius. We have computed the value of α for
the disk and it is shown in figure 2. The results from our
model show that the value of α remains lower than 1 inside
the central 10 AU for both accretion rates. At larger radii,
α remains lower than one for ˙M−3 but becomes larger than
one for ˙M−2 around 100 AU. Based on these results, it is
expected that the disk remains stable for smaller accretion
rates (i.e. ˙M−3) and becomes unstable at larger radii for ˙M−2.
However, for 0.06 < αcrit < 1.0 (see our discussion below) the
disk becomes unstable and may even fragment at smaller
radii. In fact, high resolution simulations show fragmenta-
tion on scales of less than 1 AU but it is not clear whether
these clump will form stars as the simulations were evolved
only for very short time scales (Greif et al. 2012).
We have also estimated the masses of the clumps which
are shown in figure 2. They have sub-solar masses and are
more massive in the outer parts of the disk than inside. The
typical accretion rates on the clumps shown in figure 2 are
about 10−3 M⊙/yr and about an order of magnitude higher
for ˙M−2. The clumps grow via accretion from the ambient
medium and their masses are increased by an order of mag-
nitude. The final masses of the clumps are shown in the
bottom panel of figure 2. It is found that final clump masses
in the outskirts of the disk reach about a solar mass for ˙M−2.
To know the fate of these clumps, we have computed their
migration time and compared it with the Kelvin-Helmholtz
contraction time scale (TKH). The comparison is shown in
figure 3, it is found that the migration time is shorter than
the TKH. Therefore, clumps will migrate inward before they
reach the main sequence and produce UV feedback.
c© 2009 RAS, MNRAS 000, 1–??
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Figure 4. The properties of the disk are plotted against the radius for the central star of 5 solar masses. The red and blue lines represent
accretion rates of 10−2 M⊙/yr and 10−3 M⊙/yr respectively. The vertical magenta line shows the fragmentation radius and the horizontal
green line marks the point where α = 1. The left panel shows the CIE cooling regime while the right panel depicts H2 cooling regime.
The temperature, the viscous parameter α, the clump masses before and after the accretion are shown here.
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Figure 5. The ratio of the Kelvin Helmholtz to the migration time scales is shown for the central star of 5 solar masses. The red and
blue lines represent accretion rates of 10−2 M⊙/yr and 10−3 M⊙/yr respectively. The left panel shows the CIE cooling regime while the
right panel depicts H2 cooling regime.
Figure 6. The temperature of the disk and the viscous parameter α are plotted against the radius for the central star of 50 solar
masses. The red and blue lines represent accretion rates of 10−2 M⊙/yr and 10−3 M⊙/yr respectively. The vertical magenta line shows the
fragmentation radius and the horizontal green line marks the point where α=1. The left panel shows the CIE cooling regime while the
right panel depicts H2 cooling regime.
3.2 Fragmentation in the presence of a central
object (star-dominated)
In the later stages of the disk evolution, it is expected that
the potential from the central star starts to dominate and
changes the disk structure. We have estimated the disk prop-
erties for a central star of 5, 50 and 500 solar masses. For
the accretion rates considered here, the expected radii of
these star are smaller than 100 R⊙ (Hosokawa et al. 2012;
Schleicher et al. 2013). Therefore, we do not show the scales
smaller than this in our model for the star dominated cases.
It is found that in the presence of the central star, the disk
becomes denser and hotter. Therefore, the CIE cooling kicks
in earlier at larger radii as shown in figure 4. The density of
1017 cm−3 is already reached at 0.6 AU where the gas start to
become optically thick to CIE cooling which is not included
c© 2009 RAS, MNRAS 000, 1–??
The formation of Pop III stars 9
Figure 7. The temperature of the disk and the viscous parameter α are plotted against the radius for the central star of 500 solar
masses. The red and blue lines represent accretion rates of 10−2 M⊙/yr and 10−3 M⊙/yr respectively. The horizontal green line shows the
point where α=1. The left panel shows the CIE cooling regime while the right panel depicts H2 cooling regime.
in our model. However, we expect that at higher densities
the temperature in the disk begins to evolve almost adiabat-
ically. The value of the viscous parameter α remains lower
than 1 for ˙M−3 similar to the disk dominated case. For ˙M−2,
the disk becomes unstable above 100 AU and remains stable
in the interior.
The masses of the clumps are similar to the disk dom-
inated cases both in the H2 line and CIE cooling regimes.
About solar mass clumps are expected to form between 100-
300 AU where the disk becomes unstable. We have also com-
pared the migration and Kelvin-Helmholtz time scales as
shown in figure 5. It is found that the ratio of Tmig to TKH
remains close to one. It comes from the fact that in the star
mass dominated case, the orbital period becomes shorter
and the ratio of TKH to Tmig declines.
We have also considered the cases with a central star
of 50 and 500 solar masses. The disk becomes denser and
warmer even at larger radii compared to the disk mass dom-
inated case as shown in figures 6 & 7. For the case of 50 solar
mass central star and ˙M−2, the fragmentation radius shifts
further to larger radii of 300 AU. The disk becomes com-
pletely stable for both accretion rates for the central star of
500 M⊙. Moreover, the migration time scale remains shorter
than KH time scale. Therefore, the clumps are expected to
migrate inward. Our estimates for the Roche limit for the
central star of 500 solar masses show that clumps will not
be able to survive within the 1 AU due to the tidal forces
exerted by the central star.
3.3 Dependence on the critical value of alpha
So far we have assumed the value of αcrit = 1 as the crite-
rion for the stability of the disk. This choice is motivated by
the works of Zhu et al. (2012) & Inayoshi & Haiman (2014).
However, the critical value of α can vary between 0.06 and
1. Rice et al. (2005) have suggested that the value of αcrit is
0.06 although they did not have the realistic model for the
heating and cooling of the disk. By considering the critical
value of α = 0.06, the disk in our model becomes unstable for
both accretion rates and will fragment. Fig. 2 in Zhu et al.
(2012) shows that in fact realistic cases may lie in between
these extreme scenarios, so it is possible that fragmentation
occurs for the value of α smaller than 1. Therefore, frag-
mentation may occur in the disk interior as found in high
resolution numerical simulations (Greif et al. 2012). Never-
theless, the ratio of TKH to Tmig always remains ≥ 1. The
clumps are expected to migrate inward before reaching the
main sequence. Furthermore, they will be tidally disrupted
in the central part of the disk depending on the mass of
the central star. Therefore, we argue that the choice of the
critical value of α does not change our main conclusions.
3.4 Radiative feedback from the central object
Once the central star reaches the main sequence, it will
start to produce UV flux which can photo-ionize the gas
in the surroundings and photo-evaporate the disk. The
c© 2009 RAS, MNRAS 000, 1–??
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studies which consider the impact of stellar UV feed-
back onto the accretion flows through disk show that ef-
fect of UV starts to become important about 20 M⊙ and
photo-evaporation shuts the accretion between 50-100 M⊙
(McKee & Tan 2008; Hosokawa et al. 2011b). However, the
accretion from the disk may still continue. To compute the
photo-evaporation rate of the disk, we use the expression
given in Hollenbach et al. (1994):
˙MPE = 1.3 × 10−5
(
φUV
1049 s−1
)1/2 ( M∗
10 M⊙
)1/2
M⊙/yr (25)
here φUV is the photo-ionizing rate and M∗ is the mass
of a star. A star of 40 M⊙ produces φUV= 1.8 × 1049 s−1
(Schaerer 2002). It gives the photo-evaporation rate of
3.5 × 10−5 M⊙/yr. For a 500 M⊙, φUV= 5.2 × 1050 s−1 which
gives photo-evaporation rate of 2.0 × 10−4 M⊙/yr. These are
about an order of magnitude lower than the adopted mass
accretion rates. Therefore, we expect that photo-evaporation
will not be able to completely terminate the accretion pro-
vided that such large accretion rates of the order of ˙M−2 are
maintained. However, Hosokawa et al. (2011b) show that ac-
cretion rate declines down when star reaches above 40 solar
masses. We expect that the latter is partly due to hydro-
dynamical effects and angular momentum conservation (see
also Latif et al. (2013b)), but also the UV feedback in the
vertical direction, which decreases the mass supply onto the
disk.
Recently Tanaka et al. (2013) computed the photo-
evaporation rate from the disk by performing 2-D asym-
metric radiative transfer calculations and found that the
photo-evaporation rate depends on the disk radius instead of
the gravitational radius. We also checked for the expression
given in their equation 24 and found similar results.
To further assess the impact of photo-ionization, we
compute the size of HII region by assuming the equilibrium
between ionization and recombination. The equilibrium con-
dition is given as:
˙N =
∫ RS
Ri
4παrecr2(n0(r/R)l)2dR (26)
here N is the photo-ionization rate, RS is the radius of HII
region, Ri is inner radius of the disk, n0 is the correspond-
ing density, αrec is the recombination rate for hydrogen and
ℓ is the exponent of the density profile. Solving the above
equation for RS, we get the following expression:
RS =
(
Ri3−2l + (3 − 2l)
˙N
4παrecn20R2l
)1/(3−2l)
(27)
Taking the numbers found in our model, n0 = 1017 cm3, αrec =
3.0 × 10−13 cm3/s, R = 0.1 AU and ℓ = 1.6 and Ri = 10 R⊙.
For a 40 solar mass star ( ˙N = 1049 s−1) the size of HII
region is 0.04 AU. It is smaller than the scales probed in
our model. We further expect that ionizing feedback from
the central star of about 100 M⊙ will not be able to strongly
influence the disk structure. This result is further consistent
with Hosokawa et al. (2011b) who also found for a star >
40 M⊙ the HII region develops in the vertical direction and
later on start to expand horizontally.
Our approach does not include the geometrical effects
and assumes constant accretion rates. As found from the
simulations, the declining accretion rates and the photo-
evaporation of the disk is expected to shut down the ac-
cretion above 100 solar masses.
4 DISCUSSION
We present here a simple analytical model to study the
fragmentation properties of a marginally stable steady-state
disk. Our model assumes that the Toomre Q=1 and the disk
is fully molecular. We solve the set of equations to compute
the viscous parameter α. We check the stability of the disk
by employing the fragmentation criterion based on recent
numerical simulations which show that the disk becomes un-
stable for α > 1. Our model includes a recipe for optically
thick H2 line cooling. We further take into account the CIE
cooling occurring at high densities. The disk temperature is
evaluated by assuming that heating by the turbulence vis-
cosity and shocks is balanced by the cooling. The typical
masses of the clumps are computed and their fate is de-
termined by comparing the migration and contraction time
scales.
Our findings show that the temperature inside the disk
increases for higher accretion rates and below 10 AU the
CIE cooling becomes effective which brings the temperature
down to about 1000 AU. The densities in the disk range from
1010 − 1017 cm−3. Our model shows that the stability of the
disk depends on the critical value of the α. It remains stable
for an accretion rate ≤ 10−3 M⊙/yr and becomes unstable at
radii > 100 AU in the presence of higher accretion rate of
10−2 M⊙/yr for α > 1. The typical masses of the clumps are
about 0.1 M⊙ and reach about solar masses in the regime
where disk is unstable. For αcrit between 0.06 and 1, the disk
becomes unstable for both accretion rates. In this case, the
disk is expected to fragment and form multiple clumps also
on scales around 1 AU as seen in high resolution simulations
(Greif et al. 2012). To compute the fate of the clumps, we
compared the migration and the Kelvin-Helmholtz contrac-
tion time scales. It is found that the clumps are migrated
inward and merge with the central star before reaching the
main sequence. The clumps will be tidally disrupted within
the central 1 AU in the presence of a massive central star.
So, the choice of the critical value αcrit is not going to affect
our main conclusions
We have also considered a few cases of the later disk
phase when matter is accreted into the center and a star is
formed. In such a case, it dominates the central potential
and changes the disk structure. We found that in the pres-
ence of a central star, the disk becomes denser and hotter.
For a central star of 5 solar masses, the disk properties al-
most remain similar to the disk dominated case. However,
for a star of 50 & 500 M⊙ the fragmentation radius shifts
outward and the disk becomes completely stable. Similar to
the disk dominated case, clumps are expected to migrate
inward and merge with central star. Our choice for the 50
& 500 M⊙ stars comes from that fact that if accretion rates
of 10−2 M⊙/yr are continued for 10,000 years (the typical
time before reaching the main sequence) then a massive star
of the above mentioned mass is expected to form. In fact,
numerical simulations including the radiative feedback from
the star show that such massive stars can form (Hirano et al.
2014; Susa et al. 2014).
We assumed constant accretion rates of 10−3 &
c© 2009 RAS, MNRAS 000, 1–??
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10−2 M⊙/yr onto the disk and found that in the presence
of such accretion rates, the photo-evaporation rate from the
stellar UV feedback remains an order of magnitude lower.
We therefore expect photo-evaporation to become relevant
once the accretion rate drops below 2 × 10−4M⊙/yr. Simi-
larly, we found that size of HII region remains smaller than
1 AU and would not be able to completely disrupt the disk
in equatorial plane. So, we expect that a star of about 100
M⊙ may form. However, a HII region is likely to develop
in the polar direction which will further expand with time
as shown in numerical simulations (Hosokawa et al. 2011b;
Stacy et al. 2012). This may result in a decline of the accre-
tion rates with time. McKee & Tan (2008) have estimated
the impact of UV feedback from the star by including the
radiation pressure and H2 photo-dissociation rate. They also
found that HII region develops in the polar direction for a
30 M⊙ star which further expands beyond the gravitational
radius between 50-100 solar masses. However, the accretion
from the equatorial plane may continue. According to their
estimates, above 140 solar masses, the combination of de-
clining accretion rates and photo-evaporation terminates the
accretion.
We have studied the case where the disk is of a primor-
dial composition which is valid for the disks around Pop III
stars. However, the disks forming around the second genera-
tion of stars may already be polluted by the metals and dust
ejected by the supernova explosions. The presence of trace
amount of dust and metals may change the disk structure
and make it unstable. Tanaka & Omukai (2014) have stud-
ied the disk fragmentation in various environments from zero
to solar metallicity by employing an analytical model. They
used an alternative approach by assuming that the viscous
parameter α = 0.1-1 and computed the Toomre Q. Their
findings also show that the disk remains stable for the zero-
metallicity case with Q ≥ 1. However, for the lower metal-
licities the disk becomes highly unstable. Therefore, masses
of the stars in metal polluted disks are expected to be much
smaller.
We have assumed here that the disk is in a steady state
but it may not always be the case. Our model is unable
to capture 3-D effects such as n-body interactions where
some of these clumps may get ejected and eventually form
stars. We have considered here the two different regimes of
optically thick H2 line cooling and H2 CIE cooling. As a re-
sult, there is a minor discontinuity at the transition between
these regimes. The latter will vanish in a realistic disk where
the transition occurs more gradually. It has however no im-
pact on our main results. To enhance our understanding of
primordial star formation, we propose to pursue 3D simula-
tions investigating the fragmentation properties of primor-
dial disks at later stages of their evolution to quantify their
fragmentation and migration behavior.
ACKNOWLEDGMENTS
We thank Marta Volonteri, Tilman Hartwig and Kazu
Omukai for interesting discussions and helpful suggestions.
The research leading to these results has received funding
from the European Research Council under the European
Community’s Seventh Framework Programme (FP7/2007-
2013 Grant Agreement no. 614199, project “BLACK”).
DRGS is indebted to the Scuola Normale Superiore (SNS)
in Pisa for an invitation as a ’Distinguished Scientist’ which
has stimulated the research described in this manuscript.
REFERENCES
Abel T., Bryan G. L., Norman M. L., 2000, ApJ, 540, 39
Abel T., Bryan G. L., Norman M. L., 2002, Science, 295,
93
Bovino S., Grassi T., Latif M. A., Schleicher D. R. G., 2013,
MNRAS, 434, L36
Bromm V., 2004, PASP, 116, 103
Bromm V., Coppi P. S., Larson R. B., 2002, ApJ, 564, 23
Ciardi B., Ferrara A., 2005, Space Sci. Rev., 116, 625
Clark P. C., Glover S. C. O., Smith R. J., Greif T. H.,
Klessen R. S., Bromm V., 2011, Science, 331, 1040
Galli D., Palla F., 1998, A&A, 335, 403
Gammie C. F., 2001, ApJ, 553, 174
Grassi T., Bovino S., Schleicher D. R. G., Prieto J., Seifried
D., Simoncini E., Gianturco F. A., 2014, MNRAS, 439,
2386
Greif T. H., 2014, ArXiv e-prints:1410.3482
Greif T. H., Bromm V., Clark P. C., Glover S. C. O., Smith
R. J., Klessen R. S., Yoshida N., Springel V., 2012, MN-
RAS, 424, 399
Hartwig T., Clark P. C., Glover S. C. O., Klessen R. S.,
Sasaki M., 2014, ArXiv e-prints:1407.2102
Hirano S., Hosokawa T., Yoshida N., Umeda H., Omukai
K., Chiaki G., Yorke H. W., 2014, ApJ, 781, 60
Hirano S., Yoshida N., 2013, ApJ, 763, 52
Hollenbach D., Johnstone D., Lizano S., Shu F., 1994, ApJ,
428, 654
Hollenbach D., McKee C. F., 1979, ApJS, 41, 555
Hosokawa T., Omukai K., Yorke H. W., 2012, ApJ, 756, 93
Hosokawa T., Omukai K., Yoshida N., Yorke H. W., 2011a,
Science, 334, 1250
Hosokawa T., Omukai K., Yoshida N., Yorke H. W., 2011b,
Science, 334, 1250
Inayoshi K., Haiman Z., 2014, MNRAS, 445, 1549
Latif M. A., Schleicher D. R. G., Schmidt W., Niemeyer J.,
2013a, ApJ, 772, L3
Latif M. A., Schleicher D. R. G., Schmidt W., Niemeyer
J. C., 2013b, MNRAS, 436, 2989
Levin Y., 2007, MNRAS, 374, 515
Lin D. N. C., Papaloizou J., 1986, ApJ, 309, 846
Lodato G., 2007, Nuovo Cimento Rivista Serie, 30, 293
McKee C. F., Tan J. C., 2008, ApJ, 681, 771
Omukai K., 2000, ApJ, 534, 809
Rice W. K. M., Lodato G., Armitage P. J., 2005, MNRAS,
364, L56
Ripamonti E., Abel T., 2004, MNRAS, 348, 1019
Schaerer D., 2002, A&A, 382, 28
Schleicher D. R. G., Banerjee R., Klessen R. S., 2008,
Phys. Rev. D, 78, 083005
Schleicher D. R. G., Palla F., Ferrara A., Galli D., Latif
M., 2013, A&A, 558, A59
Shakura N. I., Sunyaev R. A., 1973, A&A, 24, 337
Stacy A., Greif T. H., Bromm V., 2012, MNRAS, 422, 290
Susa H., Hasegawa K., Tominaga N., 2014, ApJ, 792, 32
Tanaka K. E. I., Nakamoto T., Omukai K., 2013, ApJ, 773,
155
c© 2009 RAS, MNRAS 000, 1–??
12 Latif et al.
Tanaka K. E. I., Omukai K., 2014, MNRAS, 439, 1884
Turk M. J., Abel T., O’Shea B., 2009, Science, 325, 601
Yoshida N., Omukai K., Hernquist L., 2008, Science, 321,
669
Yoshida N., Omukai K., Hernquist L., Abel T., 2006, ApJ,
652, 6
Zhu Z., Hartmann L., Nelson R. P., Gammie C. F., 2012,
ApJ, 746, 110
c© 2009 RAS, MNRAS 000, 1–??
